The bi-material interface arc crack has been the focus of interest in the composite community, where it is usually referred to as the fiber-matrix interface crack. In this work, we investigate the convergence properties of the Virtual Crack Closure Technique (VCCT) when applied to the evaluation of the Mode I, Mode II and total Energy Release Rate of the fiber-matrix interface crack in the context of the Finite Element Method (FEM). We first propose a synthetic vectorial formulation of the VCCT. Thanks to this formulation, we study the convergence properties of the method, both analytically and numerically. It is found that Mode I and Mode II Energy Release Rate (ERR) possess a logarithmic dependency with respect to the size of the elements in the crack tip neighborhood, while the total ERR is independent of element size.
D R A F T matrix interfaces. Bi-material interfaces have for long attracted the attention of researchers in Fracture Mechanics [1, 2] , due to their hidden complexity.
The problem was first addressed in the 1950's by Williams [3] , who derived through a linear elastic asymptotic analysis the stress distribution around an open crack (i.e. with crack faces nowhere in contact for any size of the crack) 10 between two infinite half-planes of dissimilar materials. He found the existence of a strong oscillatory behavior in the stress singularity at the crack tip of the form r − 1 2 sin (ε log r) with ε = 1 2π
in both Mode I and Mode II. In Eq. 1, β is one of the two parameters introduced by Dundurs [4] to characterize bi-material interfaces:
where κ = 3 − 4ν in plane strain and κ = 3−4ν 1+ν in plane stress, µ is the shear modulus, ν Poisson's coefficient, and indexes 1, 2 refer to the two bulk materials joined at the interface. Defining a as the length of the crack, it was found that the size of the oscillatory region is in the order of 10 −6 a [5]. Given the oscillatory behaviour of the crack tip singularity of Eq. 1, the definition of 20 Stress Intensity Factor (SIF) lim r→0 √ 2πrσ diverges and ceases to be valid [1] .
It implies that the Mode mixity problem at the crack tip is ill-posed.
It was furthermore observed, always in the context of Linear Elastic Fracture Mechanics (LEFM), that an interpenetration zone exists close to the crack tip [6, 7] with a length in the order of 10 −4 a [6] . Following conclusions firstly proposed 25 in [7] , the presence of a contact zone in the crack tip neighborhood, of a length to be determined from the solution of the elastic problem, was introduced in [8] and shown to provide a physically consistent solution to the straight bi-material interface crack problem.
The curved bi-material interface crack, more often refered to as the fiber-matrix 
FEM formulation of the fiber-matrix interface crack problem
In order to investigate the fiber-matrix interface crack problem, a 2-dimensional model of a single fiber inserted in a rectangular matrix element is considered (see 
The fiber radius R f is assumed to be equal to 1 µm. This choice is not dictated by physical considerations but for simplicity. It is thus useful to remark that, in a linear elastic solution as the one considered in the present work, the ERR is proportional to the geometrical dimensions of the model and, 80 consequently, recalculation of the ERR for fibers of any size requires a simple multiplication.
As shown in Fig. 1 , the debond is placed symmetrically with respect to the x axis and its size is characterized by the angle ∆θ (which makes the full debond size equal to 2∆θ and the full crack length equal to R f 2∆θ). A region 85 ∆Φ of unknown size appears at the crack tip for large debond sizes (at least D R A F T ≥ 60 • − 80 • ), in which the crack faces are in contact with each other and free to slide. Frictionless contact is thus considered between the two crack faces to allow free sliding and avoid interpenetration. Symmetry with respect to the x axis is applied on the lower boundary while the upper surface is left free. Kinematic 90 coupling on the x-displacement is applied along the left and right sides of the model in the form of a constant x-displacement ±ε x L, which corresponds to transverse strainε x equal to 1% in the results here presented. properties of glass fiber and epoxy are reported in Table 1 .
Vectorial formulation of the Virtual Crack Closure Technique (VCCT)
In order to express the VCCT formulation of the ERR in terms of FEM variables, we need to introduce a few rotation matrices in order to represent the discretized representation (FE mesh) of a crack along a circular interface. The 110 position of the crack tip is characterized by the angular size of the crack (see Sec. 2 and Fig. 1 for reference) and the rotation corresponding to the crack tip reference frame is represented by the matrix R ∆θ defined as
Nodes belonging to the elements sharing the crack tip are involved in the VCCT estimation of the ERR and it is assumed that, given a sufficiently fine 115 discretization, they are aligned with the crack propagation direction defined at the crack tip. However, irrespectively of how small the elements in the crack tip neighborhood are, a misalignment always exists with respect to the assumed crack propagation direction (in the crack tip reference frame). This is measured by the matrices P δ (p), defined as
respectively for the free and bonded nodes involved in the VCCT estimation.
In Eqs. 5 and 6, δ is the angular size of an element in the crack tip neighborhood (see Sec. 2 and Fig. 1 ), m is the order of the element shape functions and p, q are indices referring to the nodes belonging respectively to free and bonded elements 125 sharing the crack tip. Introducing the permutation matrix
it is possible to express the derivatives of rotation matrices R ∆θ , P δ and Q δ with respect to their argument: 
where
The crack tip forces can be expressed as a function of the crack opening displacement as 135 F xy = K xy u xy + F xy , 
An exemplifying derivation of the relationships expressed in Equations 10 and 11 can be found in Appendix A. It is worthwhile to observe that another author [32] proposed a relationship of the form F xy = K xy u xy . However, in [32] , this relationship is assumed a priori and manipulated to propose a revised version of the VCCT, based on the assumption that the matrix K xy should be Based upon the work of Raju [33] , we introduce the matrix T pq to represent the weights needed in the VCCT to account for the use of singular elements. As already done previously, indices p and q refer to nodes placed respectively on the free (crack face) and bonded side of the crack tip. Nodes are enumerated By using matrix T pq , it is possible to express the total ERR G evaluated with 170 the VCCT as 
where Diag () is the function that extracts the main diagonal of the input matrix as a column vector. Substituting Equations 9 and 11 in Equations 12 175 and 13, we can express the Mode I, Mode II and total Energy Release Rate as a function of the crack displacements and the FE solution (more details in Appendix A) as
Rotational invariance of G T OT 180
Recalling Equation 14 and observing that matrix T pq is always equal to the identity matrix pre-multiplied by a suitable real constant (see Eq. B.1 in Appendix B), the total Energy Release Rate can be rewritten as
where F xy and u xy are the vectors of respectively the crack tip forces and crack displacements in the global (x − y) reference frame. Given that Q δ , P δ 185 and R ∆θ all represent a linear transformation (a rigid rotation in particular), the invariance of the trace to linear transformations ensures that
As G T OT was defined according to Equation 12 and given that T r (AB) =
D R A F T
T r (BA), it holds that
which shows that the total Energy Release Rate is invariant to rigid rotations 
Convergence analysis

Analytical considerations
which, after refactoring, provides
Following the asymptotic analysis of [3, 1] , in the case of an open crack the displacement in the crack tip neighborhood will have a functional form of the
and β is Dundurs' parameter introduced in Section 1. Application of Equation 21 to the terms on the right hand side of Eq. 20 provides:
In Equations 22-25, the multiplication by a trigonometric function of the type sin, cos, sin 2 , cos 2 , sin · cos prevents the divergence of the asymptote. Recalling
Eqs. 5 and 6, in the limit of δ → 0 the rotation matrices become equal to the 215 identity matrix:
Applying the results of Equations 22-26 to Eq. 20, it can be shown that the derivative of G can be split in a factor that goes to 0 in the limit of δ → 0 and in a factor independent of δ:
Thus, asymptotically, the Mode I and Mode II Energy Release Rate be-220 have like the logarithm of the angular size δ of the elements in the crack tip neighborhood: at least for reasonably small elements (δ ≤ 1.0 • ). Given that G II = G T OT for the closed crack, it explains the independency of G II from δ after the onset of the contact zone. Fig. 3, Fig. 4 and Fig. 5 has shown the dependency of Mode I and Mode II ERR on the element size δ. Following the derivations of the previous 270 section, we model the dependency of G I and G II with respect to δ as
Numerical results
Evaluations
G I   J/m 2   1.0 • 0.5 • 0.25 • 0.2 • 0.125 • 0.1 • 0.0625 • 0.05 • (a) V f = 0.1%, 1 st order elements.G I   J/m 2   1.0 • 0.5 • 0.25 • 0.2 • 0.125 • 0.1 • 0.0625 • 0.05 • (b) V f = 0.1%, 2 nd order elements.G I   J/m 2   1.0 • 0.5 • 0.25 • 0.2 • 0.125 • 0.1 • 0.0625 • 0.05 • (c) V f = 40%, 1 st order elements.G I   J/m 2   1.0 • 0.5 • 0.25 • 0.2 • 0.125 • 0.1 • 0.0625 • 0.05 • (d) V f = 40%, 2 nd order elements.G II   J/m 2   1.0 • 0.5 • 0.25 • 0.2 • 0.125 • 0.1 • 0.0625 • 0.05 • (a) V f = 0.1%, 1 st order elements.G II   J/m 2   1.0 • 0.5 • 0.25 • 0.2 • 0.125 • 0.1 • 0.0625 • 0.05 • (b) V f = 0.1%, 2 nd order elements.1.0 • 0.5 • 0.25 • 0.2 • 0.125 • 0.1 • 0.0625 • 0.05 • (c) V f = 40%, 1 st order elements.1.0 • 0.5 • 0.25 • 0.2 • 0.125 • 0.1 • 0.0625 • 0.05 • (d) V f = 40%, 2 nd order elements.G T OT   J/m 2   1.0 • 0.5 • 0.25 • 0.2 • 0.125 • 0.1 • 0.0625 • 0.05 • (a) V f = 0.1%, 1 st order elements.G T OT   J/m 2   1.0 • 0.5 • 0.25 • 0.2 • 0.125 • 0.1 • 0.0625 • 0.05 • (b) V f = 0.1%, 2 nd order elements.1.2 1.3 ∆θ • G T OT   J/m 2   1.0 • 0.5 • 0.25 • 0.2 • 0.125 • 0.1 • 0.0625 • 0.05 • (c) V f = 40%, 1 st order elements.1.2 1.3 ∆θ • G T OT   J/m 2   1.0 • 0.5 • 0.25 • 0.2 • 0.125 • 0.1 • 0.0625 • 0.05 • (d) V f = 40%, 2 nd order elements.
Analysis of
where A (∆θ) and B (∆θ) are parameters dependent on ∆θ estimated through linear regression (with x = ln δ) of the numerical results. As shown in Fig. 6, Fig. 7, Fig. 8 and Fig. 9 Table 2 for G I and Table 3 for G II ). The results of the linear regression confirm the analytical derivations of the previous section, which showed the logarithmic behavior of Mode I and Mode II ERR. Similar conclusions were 280 reached in [28, 29] for a straight bi-material crack with respect to the parameter ∆a /a; however, no functional expression of G (·) was proposed. proposed and its usefulness exemplified in the analysis of the mesh dependency.
D R A F T
By both analytical considerations and numerical simulations, it has been shown that:
290
• the total ERR is invariant to rotations of the reference frame (and more in general to linear transformations), which implies that rotation of crack tip forces and displacement is actually not required in the use of the VCCT for the calculation of G T OT ;
• the total ERR does not depend on the size δ of the elements at the crack 295 tip, at least for reasonably small elements (δ ≤ 1.0 • ) ;
• as a consequence, Mode II ERR for the closed interface crack does not depend on δ, as G II = G T OT after the onset of the contact zone;
• for the open interface crack, Mode I and Mode II ERR depend on the element size δ through a logarithmic law of the type A (∆θ) ln δ + B (∆θ);
300
• the sign of the logarithm is always positive for G I , i.e. it decreases when δ decreases, and negative for G II , i.e. it increases when δ decreases.
The conclusion is significant: as the behavior of Mode I and Mode II is logarithmic with respect to mesh size, there exists no asymptotic limit and thus no convergence of the values. A convergence analysis based on the reduction of the Including the singularity often improves the accuracy of the J-integral, the stress intensity factors, and the stress and strain calculations because the stresses and strains in the region close to the crack tip are more accurate.". We have shown 325 that, in the context of the fiber/matrix interface crack, the convergence of the Energy Release Rate is determined by the asymptotic behavior of the elastic solution and only marginally by the choice of element order and type, thus contradicting the statements in [31] . which is amenable to numerical integration by means of a Gaussian quadrature of the form
D R A F T
where (ξ i , . . . , η j ) are the coordinates of the N Gaussian quadrature points.
The element stiffness matrix as evaluated in Eq. A.10 is in general a full sym-D R A F T metric (in the case of linear elasticity) matrix of the form
. Calculation of displacements and reaction forces
With reference to Fig 
D R A F T
The x − y reference frame is the global reference frame, while the r − θ reference frame is such that the θ direction coincides with the crack propagation 495 direction at the crack tip and r the in-plane normal to the propagation direction.
For an arc-crack as the present one, the r-direction coincides with the radial direction of the inclusion. 
and substituting in the first two expressions of Eq. A.17, we get where F x and F y represent the influence of the FE solution through the nodes of the elements sharing the crack tip that do not belong to any of the phase interfaces, i.e. the nodes of the elements sharing the crack tip that belong to the bulk of each phase.
